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Beenenne

Psin mpupogHBIX M TEXHHYECKUX SABJICHMM MOXHO OMMCATh B3aUMOCBSA3aH-
HBIMH OOBIKHOBEHHBIMU An(depeHunaibubiMu ypaBaenusamu (OY) mepBoro
U BTOPOTO MOPSIKOB U KOHEYHOMEPHBIMU (TPaHCLEHACHTHBIMH) ypaBHEHUSIMH
[8; 10; 14]. O6beauHsAs 3TH ypaBHEHUS B BUAE CUCTEMBI, MBI IOJTY4YUM CHUCTE-
My OJIY BTOpOro mnopsjka ¢ TOXIECTBEHHO BBIPOKIECHHONW MATpHUIEH Mepen
BTOPOI1 mpon3BonHOU. Takue cucTeMbl IPUHATO Ha3bIBaTh AU depeHansHO-
anreOpanveckuMu ypasHeHusIMH (JJAY) BTOpOro mopsiaka.

B Hacrosimee BpeMsi OypHO pa3BUBaeTCsl KAUECTBEHHAs TEOPUS M YHCIICH-
Hble MeToAbl pemerns JJAY nepBoro nopsaka. To CBA3aHO C TEM, YTO TaKue
YpaBHEHUS UMEIOT NPUHLUMIHAIBHBIE OTINYHs OT cucteM OZlY u, kpome Toro,
HMMEIOT MHOT'OYHUCIICHHBIC TpuiiokeHus [8—10; 12; 14].

C JAY mnopsanka BbIlI€ NEPBOro, KaK MPaBUIIO, MOCTYHAOT CIEAYIOIIMM
00pa3oM: BBOAAT HOBYIO BEKTOP-(DYHKIIMIO, pa3MEpHOCTh KOTOPOH paBHA kn
(n — pa3MepHOCTh UCXOMHOM 3a1auu, k — nopsaok JIAY), u nmepenuceiBaroT
HCXO/HYIO 3a7auy B Bune JIAY nepsoro nopsiaxa [13].

OnucaHHBIM MOIXO 3HAYUTENBHO YCIOXKHAET KaK Ka4eCTBEHHOE UCCIIEAO-
BaHHUE, TAK U CO3/IaHUE YNCIEHHBIX AJITOPUTMOB AJIS IOITY4EHHON 3a1a4u. DTOT
(akT ¥ HTHULMUPOBAJ UCCICIOBAHUS, IPUBEICHHBIC HIKE, KOTOPBIE SBIISIIOTCS
npoaoibkeHueM pabor [3; 4; 7; 11].

1 ITocTaHoBKA 331241
Paccmorpum cuctemy

Ale)x"()+ Be)x'(¢)+ C(e)x(t) = £(2), £ €[0,1], (1)
rae A(t), B(t) u C(t) — (nxn) Matpulibl, f(¢) — 3amanHas, a x(f) — He-
W3BECTHAS 71 -MEpPHBIE BEKTOP-PYHKLINH.

B nmanpHeieM U3n0KEHUH MPEAIOIAraeTcs, 4To
det A(r) =0. 2)
Cuctemsr (1) c¢ ycmoBuem (2) Oymem Has3weiBaTh aAuddepeHIHaTLHO-

anreOpanvecKuMHU ypaBHEHUSIMH BTOporo nopsiaka (JAY2).
[Ipeanonaraercs, uto ajs cucreMsl (1) 3amaHbl KpaeBble YCIOBUS
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0‘035(0)Jr ﬂox'(O) =7
, ) (3)
O‘lx(l)"' Bix (1) =N
rae a,,f, — (mo x n)—ManHL[LI, a,p — (m1 Xn)—ManI/II_[BI. B yactHOCTH,

HavaibHy0 3amauy i (1) MokHO mepenmcaTh B BHE (3) ¢ MaTpuLaMH

E

E 0
a, =( 0" , Bo = , oy U [, — HyleBble MaTpULbl, a E, — eIUHUYHAL
n
Matpuua, 0 — HyJeBas MaTpUIla pa3MEPHOCTU (n X n)
B ornuuue or OJ1Y BTOpOro nmopsaka i BeIACICHUS €AMHCTBEHHOT'O pe-
meHust JIAY?2 HavanbHbIE WK KPAeBbIC YCIOBHS MOXHO HE 3a/1aBaTh.

Hamnpumep, IAY?2 Buna

A AR AR Y A E AR R
npu joctatouno Tiamkux Gyukuusx a(t), b(t), (¢) nmeer emumcTBenHoe

pemene: x,(¢)= (1), x,(c)=—a (t)p" ()= b, (Jp'(¢)

KpaeBrie ycnoBus (3) JOMKHBI TaKKe OBITH 3aJaHbl KOPPEKTHO, T. €. OBITH
COTJIacOBaHHBIMHU C MPaBoi yacTrio (1).

[IpuBenem KpuTepHil KOPPEKTHOCTH 3alaHus KpaeBbiX ycnosuid (3). Ham
MOHAJ00UTCS U3BECTHOE OIpPEJIEIICHNUE.

Onpenenenne 1. (cMm, Hanpumep, [2; 5]). MaTtpuua 4~ Ha3pIBaeTcs MOTy-
oOpaTHOI K MaTpulie A4, eciau OHa yJOBJIETBOPSIET MATPUYHOMY YpaBHEHHUIO

A4 A= A.
W3 3Toro onpeneneHus ciegyer, 4Tto
va=(E-447)a=0. 5)
YmHoxaem cucremy (1) Ha matpury V BToukax t=0 u t=1.
B cuny (5) momyunm:

{V(O)C(O)x(o) V(0)B(0)x'(0)=7(0)/(0), ©
v(1)C()x(1)+ (I)B(l)x'l .

r(0)B(0)=M,, ¥ (0)f(0)= N, V( )C() L, V( )B()=M1’ rs)=nm,

KpaeBble ycinoBus (3) u ycnoBus (6) mepenuiieM B BUAE:

-

(a0| ﬁo)J’o =%

, 7
{(ad ﬁl))ﬁ =N @
(Lo | Mo))’o =N,
{(L1|M1)J’1=N1 . ®

3,[[60]) " BCHOAY B ,Z[aﬂbHefI].HeM H3J0KEHHH O0003HAUYECHHUE ((Z|ﬂ) O3Ha4vacTt

pacummpennyo MaTpuly. Takum obpasom, eciu 3axa4a (1), (3) umeer pemenne
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(BO3MOXHO, HE €IMHCTBEHHOE), TO MHO)KECTBO PELICHUN CHCTEMbI JTUHEHHBIX
anredpandeckux ypaBHeHuil (CJIAY) (7) sBnsiercs U MHOXXECTBOM pEIICHUN
CJIAY (8). OOGpaTHOE HEBEPHO.

Jnst joxazaTenbeTBa 3TOro (hakra JOCTATOYHO PACCMOTPETh OOBIKHOBEHHOE
nuHeHoe mud depeHmaIbHOe YpaBHEHUE

x'(e)+ Ble)(e) + Cle)= £0),
rue B(t) u C(t) — ¢ynkuuu. B stom cinywae 4 =1, V(O) = V(l) =L, =
=M,=L =M,=N,=N,=0, T0 ecTh pemieHremM cucremsl (8) sABusgercs Jo-

6oii BexTop U3 R

2 MeToasb! pelieHUsI KpaeBo# 3a1a4u
OmnwuieM anropuT™M YMCIEHHOTO pemieHus kpaeBoi 3agauu (1), (3). Cran-
JapTHBIM ~ 00pa3oM  BBEAEM Ha  OTPE3KE  HHTETPUPOBAHHUS  CETKY

t,=ih, i=0,1,..,N, h =% u 0003HauUUM 4, = A(ti), B, = B(ti), C = C(ti),
fi :f(ti)’ X; zx(ti)

Knaccuyeckas tpextoueunas auckperuzanms [1; 6] cucremsl (1) maer
Dx +Ex; +Fx =G, i=12,.,N-], )
rzue (nxn) -marpunsl D,, E. u F, 3aBucar or gopmynsl, npuMenseMoil 1is
anmpokcumarnyu (1).
Kpaesrie ycioBus (3) mocie IByXTOUECYHOH allpOKCUMAIMY IPUMYT BHI:

D,x, +E x, =G, (10a)
Exy+Fyxy, =Gy, (105)
rne D, u E, — (m, xn)-marpuups, E , u F,, — (m, x n)-marpums.

Ycnoeuit (10a), (106) HemocTaTouHO IS TOTO, YTOOBI IPUMEHUTH METOI
MaTpuuHoi mporoHku ans pemenus CIIAY (9), (10a), (10b), Tak kak 3Ta
CHCTEMA SIBJIETCS HENOOMPEEIEHHON (CONEPIKUT (mo +m +n- (N - 2)) ypas-
HEHHH, a Heu3BecTHHIX 7+ N ). [loaTOMy MBI IpeanaraeM MOCTYIHUTD CIEAYIO-
muM obpasoM. YMHOXKUM (1) Ha MaTpuily V(t)z E —A(t)Af(t) U BBIYMCIUM

MOy4EHHOE BBIpaKEHUE B ToUKax t =0 u 1 =1.
B cuny ¢popmynel (4) umeem:

r(0)C(0)x(0)+7(0)8(0)x'(0) = (0)/(0)

u
() +r1)B0)x )= 1))
ATNNpoKCUMUPYSI 3TU YCIOBUS, HApUMeEp TpocTeliieid popMymnoil uncieH-
HOro 1u(epeHINPOBAHUS, TIOTYIUM:
Syx, +Tyx, = Hy, (11a)
Syxy +Tyxy =Hy, (11b)
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rne S, = (0)B(0)+ hC(0)], T, ==¥(0)5(0), Hy =(0)0).

Sy =B +rcQ)]. 7, =-v(1)BQ), Hy =v()rQ).
C kpaeBbiMu ycnoBusimu (10a), (105) moctymum ciemyronuM oopa3om:

(DO|E0{?J= GO’
0

YMHOXHUM CHUCTCMBIL

u
E,|F, { v J:GN
XN-1

wamarpuet D", E," w E,", F," coorercraenno. [omyqmm:
D,/D,x, +D,'E x, =D,’G,, (12)
E,/D,x,+E,/E,x, =E,’G,, (13)
ENTE NXy T ENTFNXN—I = ENTGN’ (14)
F,/E x,+F,'F,x,, =F,’G,. (15)

C xpaeBbimMu ycnoBusMu (11a), (115) moctynum aHaIOru4HO:

(S0|T0{XIJ =H,
Xo

u

(SN|TN{XXN JZ Hy
N-1

Ha MaTPUIBI SOT, TOT u SNT, TNT. [Momyuum:

YMHOXHUM CHUCTCMBIL

Sy Sox, + 8y Tyxy = Sy H,, (16)

Ty Sox + Ty Ty =T, Hy, (17)
SNTSNXN + SNTTNXN—I = SNTHN > (1 8)
T, Syxy +Ty Tyxy, =T, H,. 19)

Utorom cymmupoBanus ypasuenmii (12), (13), (16), (17) u (14), (15), (18),
(19) sBnsiercs

{Koxl + 5% = 90> (20)
Kyxy +Pyxy, =qy, (21)
rne K,, R, Ky n P, — KBajpaTHble (nxn) -MaTpPHUILEI, ONPEAEIEHHEIE 1O

IpaBuUILy
K,=D,/D,+E,/D,+S,"S, +T,S,,
P, =D,/E,+E,/E,+S,/T, +T,'T,,
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K,=E,'E, +F,E, +8,'S, +T,”S,.,
P, =E,F,+F,F, +5,'T, +T,'T,,
q0 = DOTGO + EoTGo + SoTHo + TOTHOv
qy=E,'G,+F,/G, +S,/H, +T,"H,.

HJ’DI HWJUTIOCTPpAIMU IpeajiaracMoro Meroaa BI:I60pa HCOOCTAIOIIUX KPAaCBbIX
YCIIOBHI pacCCMOTPUM IIPOCTOM MpuMep.

1 0Yu'"(r) AR ulr) _ 0, Ciefoul.

0 0Jv'()) o 1)) le
u(0)+u'(0)=1,

Ipumep 1. Cucrema
KpaeBble ycnoBus UMEIOT BU .
PAeBHIEY {u(l)+u'(l)= sin 1+ cos 1.

TouHoe pelieHne TaHHON CUCTEMBbI u(t) =sint, v(t) =¢.
[IpuMeHUM ONUCAHHBIN ANTOPUTM MOUCKA HENOCTAIOUIUX KPAEBBIX YCIO-
1 0

Buii. Ilomarag A =
0 0

JzA+ (nceBmooOpaTHast MaTpula), HMEEM

0
V(t) =(0 lj' YMHOXHM UCXOIHYIO CHCTeMy clieBa Ha V(f) W BBIYUCIHM

MOJy4EHHOE BhIpakKeHUE B ToUKax t =0 u 1 =1.
B cuny (5) momyunm:

(S5

v(O) =1,
W3 BTOpOro ypaBHEHHUS BUAHO, YTO (l)
v

(e}

=e.

O6o3Haunm  x(f) = (u(t), v(t))T Y C YYETOM BBEJICHHBIX paHee 0003HAYCHUIM
cucrema (7) mpuMer BHI:

1 o1 0) (1
b oo opo)
1 01 0 sinl+cos1)’
o oo (™5

a cucteMe (8) COOTBETCTBYET
0 000 O 0
[o 1‘0 on(’:U
0 0{0 O 0)
o o o)
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I[aﬂee MNPpUMCHUM JBYXTOYCYHYIO JAUCKPCTU3ALUIO U1 UCXOAHBIX U IOJIYy-
YCHHBIX KPACBBIX yCJ'IOBI/Iﬁ X1 BBIIIOJIHUM I[aJ'H:HefIH.IPIC YKa3zaHug OIMMUCAHHOI'O
ajJropurMma. B pPE3yabTaTe, OIYCTUB BCC I'POMO3AKHNC BBIKIIAAKH, MMOJTYUUM HC-
KOMBIC KPACBbIC YCJIOBHA B BUJC!

1 0 h-1 0 h
x; + Xy =
00 0 1 1
h+1 0 1 0 h(sin1+cos1))
o 1/ o o™ 7 e

3aki04eHue
B cratse He paccMaTpuBaeTCs KOHKPETHBIM BHJ TPEXTOUEUHOU amlNpOKCH-
MamH (9). OTMeTHM, 4TO psifl U3BECTHHIX (HOpMyI uncieHHoro auddepenuu-
POBaHUS HeNb3s MPUMEHTH s (1) maxe ¢ KOPPEKTHO 3aJaHHBIMU (COTIaco-
BaHHBIMH C IPABOH YacThIO) KPACBBIMH YCIOBUSIMH

{X(O) =X, 22)
x(1)=xy

U B TIPENNON0KEHUH, YTO pemienne 3anaa4n (1), (22) cymiecTByeT, eANHCTBEHHO
W JIOCTaTOYHO TJaJKOoe. DTO MPOUCXOAUT, B YACTHOCTH, IOTOMY, YTO COOTHO-
wenus (9) u ycnosus (22) garot BeipoxkaeHHyio CJIAY wmm npouecc Matpuy-
HOU TPOTOHKH SIBISIETCS HEYCTOWYHBBIM.

Taxkxe oTMeruM, 4TO TpeyIaraeMelii moaxon He Beerpa nmaer CJIAY (20),
(21) monHoro panra. Hampumep, eciny NpUMEHHTH MpeaiaraeMblil HOAX0 s
JAY (4), umeromeil eqMHCTBEHHOE PeLIeHne, He 3aBUCsIIee OT ycioBuii (3), u
nonaras a,(0) # 0, a,(1) # 0, To kpaeBble ycnosus (19), (20) umeror BuI:

¥N®=¢®)
()=o)

VYcnoBus (3) ans JaHHOrO MpHMEpa HE 3a7aHbl, a ycinoBui (23) HemocTa-
TOYHO, 4TOOBI (HOPMaIBFHO PEaNU30BaTh METOA MaTPHUYHON MPOTOHKH TSl T1aH-
HOro mpuMepa (TIociie TPEXTOUSHYHON anmpokcuManui (9)).

B naneHeliniem mianupyercst BeIAenuTh Knaccel JJAY (1) ¢ kpaeBbiMu yC-
noBusMH (3), AN KOTOPBIX HpemIaraeMblidl alrOpUTM BBIOOpa HEZOCTAIOMINX

KpaeBbIX YCIOBUN U MOIXOAANIAS TPEXTOUEUHAs allpPOKCHMALUs MOPOXKAAIH
OBl YCTOMYHMBBIN MPOLIECC MATPUYHOH MTPOT OHKH.

(23)
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The article considers systems of second-order linear ordinary differential equations
with an identically degenerated square matrix preceding the second derivative (sec-
ond order differential-algebraic equations). Such problem statements often arise in
applications. We have noted the difficulties in qualitative study and development of
numerical methods for solving the equations under consideration. It is assumed that
boundary conditions are given and their number is less than the doubled dimension
of the initial system. We have defined a class of second order differential-algebraic
equations, and using the known results of projection theory proposed an algorithm
for sampling the missing boundary conditions. The method developed is illustrated
by a simple example. At the conclusion of the article we have paid attention to the
further research of this algorithm.

Keywords: boundary value problem; boundary conditions; differential-algebraic
equations; ordinary second order degenerate differential equations; tridiagonal ma-
trix algorithm; initial boundary value problem; algebraic-differential equations;
numerical methods; second order differential equations; three-point approximation.

References

1. Bakhvalov N. S. Chislennye metody (analiz, algebra, obyknovennye different-
sialnye uravneniya) [Numerical Methods (analysis, algebra, ordinary differential equa-
tions)]. Moscow: Nauka Publ., 1975. 632 p.

2. Boyarintsev Yu. E. Regulyarnye i singulyarnye sistemy obyknovennykh differ-
entsialnykh uravnenii [Regular and Singular Systems of Ordinary Differential Equa-
tions]. Novosibirsk: Nauka Publ., 1980. 222 p.

3. Bulatov M. V., Rakhvalov N. P., Phuong T. D. Chislennoe reshenie kraevoi zad-
achi dlya lineinykh differentsialno-algebraicheskikh uravnenii vtorogo poryadka [Nu-
merical Solution of Boundary Value Problem for Linear Second Order Differential-
Algebraic Equations]. Zhurnal Srednevolzhskogo matematicheskogo obshchestva.
2010. V. 12. No. 1. Pp. 52-58.

4. Bulatov M. V., Rakhvalov N. P., Phuong T. D. O metode matrichnoi progonki
dlya odnogo klassa differentsialno-algebraicheskikh uravnenii vtorogo poryadka [On
the Tridiagonal Matrix Algorithm for One Class of Second Order Differential-
Algebraic Equations]. Bulletin of Irkutsk State University. Series: Mathematics. 2011.
V. 4. No. 4. Pp. 2-11.

5. Vaarman O. Obobschennye obratnye otobrazheniya [Generalized Inverse Map-
pings]. Tallin: Valgus Publ., 1988. 120 p.

6. Samarskii A. A. Teoriya raznostnykh skhem [Theory of Difference Schemes].
Moscow: Nauka Publ., 1989. 616 p.

7. Solovarova L. S. O vybore nachalnykh wuslovii dlya differentsialno-
algebraicheskikh uravnenii [Sampling the Initial Conditions for Differential-Algebraic
Equations]. Vestnik Buryatskogo gosudarstvennogo universiteta. Seriya Matematika,
informatika. 2017. No. 1. Pp. 18 — 22. DOI: 10.18101/2304-5728-2017-1-18-22.

8. Hairer E. Wanner G. Solving Ordinary Differential Equations II: Stiff and Dif-
ferential-Algebraic Problems. Berlin: Springer-Verlag, 1996. 614 p.

40



M. H. Bomopoesa, O. C. Byouukosa, JI. C. Conogaposa. O BBIOOpE KPacBBIX YCIOBHUI
i muddepeHInansHo-areOpandeckuX ypaBHESHHIA BTOPOTO TOPSITKa

9. Chistyakov V. F. Algebro-differentsialnye operatory s konechnomernym yadrom
[Differential-Algebraic Operators with a Finite-Dimensional Kernel]. Novosibirsk:
Nauka Publ., 1996. 280 p.

10. Bock H. G., Schloder J. P., Schulz V. H. Differential-Algebraic Equations and
Their Connections to Optimization. Heidelberg: Interdisziplinares Zentrum fur wiss.
Rechnen der Univ. Heidelberg, 1996. 188 p.

11. Bulatov M. V., Lee M. G. Application of Matrix Polynomials to the Analysis
of Linear Differential Algebraic Equations of Higher Order // Differential Equations.
2008. V. 44. Pp. 1353-1360.

12. Kunkel P., Mehrmann V. Differential-Algebraic Equations. Analysis and Nu-
merical Solution. Zurich, Switzerland: EMS Publishing House, 2006. 192 p.

13. Mehrmann V., Shi C. Transformation of High Order Linear Differential-
Algebraic Systems to First Order. Numerical Algorithms. 2006. V. 42. Iss. 3-4.
Pp. 281-307.

14. Lamour R., Mirz R., Tischendorf C. Differential-Algebraic Equations: A Pro-
Jjector Based Analysis. Berlin: Springer, 2013. 649 p.

41



