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Annoranusi. CraBuTCs HadaJbHO-KpaeBas 3a/adya O MEXaHHMYECKHX JBIKECHUSX
HECKOJBKUX TBEPIBIX TEJN, YIPYrO 3aKPEIUICHHBIX MPOJOIbHO HA YHOPYTOM CTEpIKHE.
Pemenne ommckBatommx 3TH KosiebaHust cucTeMbl T depeHnnanbHbIX ypaBHEHHH,
BKJIIOUalomel B ce0st kak 0ObruHbIe M epeHInaIbHbIe YPaBHEHUs, TaK U ypaBHEHUS
B YaCTHBIX IPOM3BOAHBIX, NOHMMaeTcsi B 0000mEeHHOM cMmbicie. Mcmone3oBanue
0000IIEHHOT0 pelIeHNsT 00BSICHIETCS] HATNYMEM B YPAaBHEHUSIX 3TOM CUCTEMBI JIENbTa-
(YHKIMM, COCPEOTOUYEHHOM B MECTax KperuieHus Ten K Oainke. [IpomsBomurcs us-
BECTHasl TOJICTAHOBKA, CBOAAIIAs TMOpUAHYIO cucteMy auddepeHuanbHbIX ypaBHe-
HHUH K CUCTEME aMIUTUTYIHBIX YPaBHEHUH /U TBEPABIX Tel U cTepkHs. [lyrem npeoo-
pa30BaHMI ITHX YpaBHEHHI MOIYy4aeTCsd YCIOBUE THUIA OPTOrOHAIBHOCTH. IIpuBOIUT-
Csl pa3yIoKEHNE pelleHnH B psiibl Dyphe M0 MOCTOSHHBIM AMILIUTYAaM TBEPABIX TN U
COOCTBEHHBIM (hOpMaM CTEp)KHS C TIEpeMEHHBIM KO3((HUIIMEHTOM, 3aBUCSIIIM OT Bpe-
MeHd. OrnrcaHa METOAMKa ONPEeICHHs 3THX NepeMEHHBIX KOd(P(HUIIMEeHTOB, KOTOpbIE
3aBHCST OT COOCTBEHHBIX YaCTOT MEXaHHMYECKOH cucTeMbl M (JOpM KoneOaHUil cTepxk-
HSI, aMIUTUTY]] TBEPABIX TEJT M HA4aJbHBIX CMEIICHNH TBEPIBIX TEN M CTep)kHs. Bene-
HO THJIHOEPTOBO MPOCTPAHCTBO C 33aJaHHOH CHCTEMOWH OpPTOTOHAIBHBIX EIMHUYHBIX
BEKTOPOB, KOTOPOE MO3BOIMIIO BEIPA3UTh HEU3BECTHBIE AMIUIUTY/IbI TBEPABIX TEI UEpPe3
HavaJIbHBIE CMEIEHUS TBEPbIX TN M CTEpXKHs. Pe3ynbraTrom paboTsl SIBUIIOCH pellie-
HHE MOCTAaBJICHHOM 33/1a4M B BHAE pasiokeHHH B psanpl Dypre B 3aMKHYTOH (hopme,
YTO ITO3BOJISICT NMPOM3BECTH YKCIICHHbIE pacyeThl, €CM pelleHa 3ajada Ha COOCTBEH-
HBIE YacTOTHI ¥ OPMBI KOJIeOaHUH paccMaTpUBaeMOH MEXaHHYECKOW CHCTEMBI.

Knarouessblie cinoBa: Oanka, M3rnOHbICe KoyieOaHWs, yNPYyro 3akKpeIUICHHBIE Tela,
COOCTBEHHBIE YaCTOTHI, COOCTBEHHBIE (POPMBI, HAYATILHO-KpaeBas 3aJa4ya, THIb0epTOBO
IIPOCTPAHCTBO.
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Beenenne

Jna nomyuenHoll B [1] mo npuHmmny I'aMunbsTOHa HcCleqyeMONH CHCTEMBI
CTpouTcsi 0000IIeHHOE pelieHne B psinax dypbe Mo HEKOTOPHIM MOCTOSHHBIM
aMIUTUTYZIaM U COOCTBEHHBIM (popMaM KoJIeOaHUH ITOH CHCTEMBI C 3aBUCSILH-
MU OT BpeMeHU Kod(hduuumentamu. BBomutcs ruinb0epTOBO MPOCTPAHCTBO €
3alaHHON OPTOTOHAJIBHOM CHUCTEMOM EIUHHYHBIX BEKTOPOB, MO3BOJIAIOIIEH
Pa3IoXKUTh HAYAJIBHBIE CMEILIEHHS TBEPABIX TEM U CTEPKHA B paasl Dypbe. IT0
MO3BOJISIET BBIPA3UTh YKa3aHHBIE TOCTOSHHBIE aMIUIMTYIbl 4Yepe3 3aJaHHbIE
3HAUEHMs HaYaJIbHBIX CMEIIEHUN TBEP/BIX TEN U CTEPIKHSL.

BeiBoAnTCS yCnoBUE OPTOTOHANBHOCTH AJsl (GOpM KoJieOaHWH IMyTeM aHa-
JU3a aMIUINTYAHBIX YpaBHEHUH, BBITEKAIOUIMX U3 ATOW TMOPUIHONW CHCTEMBI
mrddepeHIaNBHBIX YPaBHEHHH, a 3aTeM, UCIONb3yd HadalbHBIC M KpacBbIe
YCIIOBHS, HAXOIUTCS pEIIeHne MocTaBleHHOM 3amaud. [Ipenmonaraercs, 4To
cOOCTBEHHBIE YacTOThI U (POPMBI KOJIEOAHUH TPENCTABICHHON MEXaHUYEeCKON
CHCTeMBbI U3BeCTHBL. OTMETUM CYIIECTBEHHYIO OCOOCHHOCTh TAaHHOM CMeIaH-
HOM 3aJauu, KOTJa HECKOJBKO TBEPABIX TEN 3aKpEIUIEHBl NPOJOJIBLHO Ha
CTEp>KHE C TIOMOIIBIO YIPYTUX CBsi3el. Tak Kak 3TH TBEpAbIE TeNa B3aUMOAEH-
CTBYIOT YIPYI'O CO CTEP)KHEM M MEXKIy cO0OH, MMeeM KauecTBEHHOE M3MEHe-
HUE KonebaTebHOro nporecca B OTINYHE OT UCCIIETOBAHHBIX paHee CIIyvacB.

MOXHO TaKkKe CTaBUTh 33Ja4y O TalleHWW KoJeOaHHid YacTH TBEPABIX Ted,
OKa3bIBasl BIUSHHME Ha IepepaciperesieHue dHEPTUN MEXAY HUMH IIyTeM H3-
MEHEHHsI HA4aJIbHOT'O yCIIOBHSL.

1 ITocTaHoOBKA 3321291
OmnurieM cucTeMy U3 OJJHOPOJHOTO YIIPYTroro CTEPKHS JITUHON [, yAeThHOU
IJIOTHOCTH P C MOAYJEM YNPYrocTH £ U MOMEHTOM HHepIH J AJid ero mome-

PEUIHOTO CCUCHUA OTHOCHUTCIBHO HeﬁTpaHBHOﬁ OoCH, HepHCHI[HKyanHOﬁ I1J10C-
KOCTH KOHe6aHHﬁ, C 3aKpPCIVICHHBIMU YIIPYT'O Ha HEM B TOYKaX C a6CLlI/ICC3MI/I
a, TBEPAbIMU TCJIaMH MacCaMu m, HOCPCACTBOM YIIPYI'UX IIPYKHUH C JKCCTKO-

cramu ¢, , k=1,2,...,n. CTepxKeHb KECTKO 3aKpeIUleH B ero KoHuax. Tena c
MaccaMy m, MOTYT IepeMellaThcsl BEPTUKAIBHO B HanpaBieHuu ocel z, . Ko-
ne0aHus Macc XapaKTepusylTcs QYHKIUSIMU z, (f) , U3rUOHBIE epeMelleHns
TOYEK CTEpXHsI 3aAatoTcs QyHKIHEH u(x,?).

Jnst uccnenoBaHusl JBMKEHUS MPUBEICHHON CHCTEMBI Tel TONydaeM clie-
nytomnid Habop quddepeHuuanbHbIX ypaBHeHui [1]:
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BECTHUK BYPATCKOI'O TOCYAAPCTBEHHOI'O YHUBEPCUTETA  2025/3
MATEMATUKA, THOOPMATUKA

d*z
ot pia ~ula) =0,
azu a4u n
E'Fby:;ek(Zk —u(x,t))5(x—ak), (1)
k=12,...n,
rre p; =~ b =£,€k e

m, pF pF ’

z, =z,(t)— cMmelleHHe TBepAbIX Tel; u =u(X,t)— TIONEPEUHbIE CIBUIH
CTEP)KHEBBIX TOYEK; X — aOCIIMCCHI TOYEK CTEPXKHS; ¢ — BpPEMEHHAs KOOpIH-
HaTa; m, — Macca k -ro Tena; ¢, — HOPYXKHUHHBIE )KECTKOCTU; O — YAENbHas
CTep>KHEBas IUIOTHOCTh; F — MOMEPEYHOE CTEpP)KHEBOE ceueHHe (TII0Mab);
E — monyns ynpyroctu; J — MOMEHT CTEp)KHEBOH WHEPLIMH OTHOCUTEIBHO
HEUTpaNbHOM OCH, @, — TOUYKa 3aKPEIUICHHS k -TO TBEPAOTrO Tela;
6(x —a,) — JlupaxkoBckas AenbTa-(QyHKIUS.

Ha KoHIax cTep»Hs JUIMHBI / KpaeBbIe YCIOBHs 00paIlarTcs B HY b I J10-
MYCTHUMBIX YEThIPEX KOMOMHALIMI 13 MHOYKECTBA

u(0,6),u(l,t),u (0,t),u _(,t),u (0,t),u_(l,t),u_(0,6),u_(l¢).

[MpuBenennas cucrema (1) naet U3ruOHbIC KOJIEOAHUs YIPYTOro CTEPIKHS C
3aKpEIICHHBIMH Ha HEM IIPOJIOJIBHO TBEPJABIMH TEJIaMU C TIOMOIIBIO TPYKHH-
HBIX CBSI3CH.

Wmem pemenne cucreMsl (1) B BUIE pSaoB:

zo =2 0,04, k=1,...n, 2)
i=1
u(x,0)=Y @, (V,(x), 3)
i=1
C 3aJaHHBIMU Ha4YaJIbHBIMH yCJ'IOBI/ISIMI/I
z,(0)=z,,k=12,...,n, )
z,(0)=z,,,k=12,...,n,
u(x,0) = o(x),
3 Q)
u,(x,0) =y (x),

rae B popmynax (2-5) ¢,(¢) — 4ucnoBast GpyHKILUS OT IEPEMEHHOH 7,
A, — aMIIMTyAHOE 3HaYeHHe KolleObaHus k -ro Tela 1o i -i 4acToTe,

V.(x) — 3T0 i -1 coOCTBEHHAas (JopMa CTEPHKHSL.
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2 Onpenenenne K03pPUIHEHTOB 4,

[Tycts B runb0epTOBOM IPOCTPaHCTBE /| ¢ HOpMOH

||f||=\/e—lz(Al)2+...+e—"2(A”)2+(V,V),
pl pn
roe (V,V)= sz(x)dx , ¥ CKQJISIPHBIM TTPOU3BEICHUEM

D
A B'
e .1 €, .o
(f.8)=—FA4B +.+—=5A"B"+(V.G).f=| = |.g=|
pl pn A B
V(x) G(x)
A,BeR,V(x),G(x) e C*[0,]], cucrema BEKTOpPOB {Ei},i =1,2,...,rae
A

1

\/elz(A,-l)z ot ;”2 A + 7))

1

— A”
e = -

\/elz(A,-l)z ot ;”2 A + 7))

1

Vi(x)

\/elz(Ail)z +...+%(A[")2 +(V,,V})

1
00pa3yeT OpTOHOPMHUPOBAHHBIN Oa3uc.

z,(0) z,,(0)

PaznoxxuMm BeKTOpHI B psaabl Dypbe MO yKa3aHHOMY

z,(0) z,.(0)
u(x,0) u,(x,0)
OPTOHOPMHUPOBAHHOMY 0a3HCy

2(0) 2,(0)
2,(0) :;af(o)ef“ z,,(0) :;“f(o)ef- ©)
“(%0) ,(x,0)
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MATEMATUKA, THOOPMATUKA

Kosppuumentsr Oypoe a, (0)u a;. (0) mmetoT BUT;

G004 + .. " 4 (u(x,0),V,(x))
aj (0) — pl pn ,
Ji eﬂ%fﬂ%%)
P p,
7211 0)4; 2, (0) 47 + (u,(x,0),V;(x))
a4 (0)=2 L . )
Jﬁ A+ 7))
P b,

1 2
Onpenenum BeTUYUHBL A j,A ’ ,...,A;.’ 110 3aJaHHEIM HayaJIbHBIM 3HAYCHUIM

z,(0),z,(0),k=1,2,...,n, cnegyromum o0OpazoMm:
U3 (1) u (2) nonyuum

G004 +. " (u(x,0).7, (1))
z, (0) = P n Ajlf ,
EAY 4t A (V)
P1 Pn
Gz, (0)4! v 2, (0)A” + (1, (x,0),,(x))
Zkt(o): pl pn A]k

V)
HOZ[GJ'H/IB IMEPBOC HA BTOPOC, MOJIYyIUM
2 0)4) !+ (x,0),V,(x))
z(0) _ p pn )
2,0) @ 2, (0) 4! 2, (04" + (1, (5,007 (x))

1 n

Ortciona, ucnons3ys (6-8), moaydyaeM cUCTeMY JIMHEHHBIX ypaBHEHUI OTHO-

)1[

1 2
CHUTEIBHO HEM3BECTHBIX Aj,Aj ,...,A;.’ ,momarast k=1,2,....n

3 BeIBOA yC/I0BHI1 OPTOrOHAJILHOCTH
[IpuBenenHast Bpllle cUcTeMa Tel OMHUCHIBaeTcss cucteMor auddepeHuu-
aJbHBIX ypaBHeHHH [1]:

d2
d2 +pk(Zk u(ak’t)):()9
62 a
4—qu u(x,0)8(x—a,), )
at a ~
k=12,...n
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KpaeBbie yCIOBHUS Ha KOHI[AX CTEPIKHSL:
u(0,8) =u(l,t)=0,

ou Oou (10)
—(0,0)=—{(,1)=0.
o (0,2) o (1,1)
[IpencraBus z, (¢),u(x,t) B BUIE
z, (1) = 4, sin(wt + a, ), u(x,t) =V (x)sin(wt + )
1 nofcTaBuB B (1), mocie mpeoOpa3oBaHMii MOTydacMm:
—0’ 4, + (4, -V (2,) =0,
‘ Z (11)
~0*V (x)+b ddV(j‘) = e, (4, ~V(x)S(x—a,).
29 k=1
C KpaeBBIMH YCIOBUAMHE it 3a1a4u (9-10) Ha KOHIIaX CTEPIKHS:
V)y=r)=0,
dv dv (12)
—(0)=—-()=0.
e (0) e ()
3amumem (11) wist wacror @, ¥ @; :
_wizAkl + p}f (4, =V, (a,)) =0,
a‘v (13)

00 +b D S e (4, V()0 -a,),
X k=1

o) 4y, + pi (4, =V (a,)) =0,
! " 14
d dV"fx) =Ye, (4, ¥, (xNS(x-ay). o
29 k=1

U3 (12-14) nomy4aem BeIpaxkeHus 4, ;, Akj BHJIA
2

~0™V () +b

4, =—"— v (a,), (15)
Py —
2
A4, ==V (@), (16)
P —w;

HepCMHO)KaSI HX JICBBIC U TPABLIC YaCTH, MOJIYIHUM

2 2

4 4
A A, ==V (@, )V,(a,). (17)
by~ p,—@;

[Ipounterpupyem Bropbie ypaBHenus B (13) u (14) mo anune crepxus. To-

raa 5T YpaBHCHUA HpI/IO6p€Ty'T BUI:
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2025/3

d V(x)d AP

~ jV(x)V (xX)dx +b j 5

- Zek (4, V(@) ().

4 ( dZV(x) sz(x)
—0? [ V. (x)V,(x)dx +b[—~ i e =
j (Y, (x)dx j o
=2 a4, =V, (@) (a).
k=1
[Moacrasum (15), (16) B mpaBbie yactu (18) u (19), momyvas:
l

1@ o j EACLALS

n

=Zek%mam(an—ekmakw,.(ak),
.

pk i

. jV(x)V(x)dx+bj s )djgx) =
X

= Zek —— =V (@V,(a) - e (a)V(a,).
/
YMHOXHUM Ha (—1) ypaBHenue (20) u caoxuM ¢ ypaBHenuem (21):
2

[, (=Y (P Py 0V (@) -

k i kWY
2 2
(0] — ;)

(pk — @, )(pk ‘/)

%

Vi(a, )V, (a,).

(18)

(19)

(20)

e2y)

2 2
HepeHOCSI MpaByIO 4aCThb BJICBO U BBIHOCH 3a CKOOKH (60[. - (0]. ) , IOJTY4YUM:

—w; )(IV(X)V (x)dx + Zek pkz 2 Vi(ak)V/ (¢,))=0.

(pi = )P —@})
Orcrofa pu i # j MOIYYHM, YTO

2
IV(x)V (x)dx+Zek P V(ak)V (a,)=0, nmm, ucnonb3ys

)(pk ‘/
(9)11(17),

j (X, (x)dx+z g4, =0.

k
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Takum 06pasom, ¢ yueTom (22) ycroBre OpTOrOHaIbHOCTH UMEET BH/I:
, 0,i#]j,
XV, (x)dx + % A Ay =11 23
{ (7 0) Z sz(x)dHZ LI

P

4 PemieHne HaYaIbHO-KPaeBoil 3a1a4n
O600mmenHoe pemenne cucteMsl (1) OyaeM noiaydats pa3aoKeHHEM B PAIbI
Dypse:

(= 2004, u) =T OV (). (24)
[ToncraBnss B (1), MIOJIYYUM:

0, ()4, + Pl (9, ()4, —0,(t)V,(a,)) =0,

4

E/;i(t)K(X)+b¢;(t)%V[(x) - 25)

=Y e (9, (DA, (W (x)S(x—ay,).

k=1
Pazpnensis oTu aBa ypaBHeHUs B (25) Ha @, (t) , HOIy4UM

(t
(pl()Ala—'—pk( A4, =V (a,))=0,

®,(?) 26)

""E?V( 0 +b ()= Zek(Akl 7, (xNS(x—a,).

O0o3HauKB
0.0
il 27
o) _
NOJTy4uM, yauTbiBas (24-27):
—; Akl+pk( L. —V.(a,))=0,

28
by () - > e, (g V()6 9

TaxuMm 00pa3oM, napHuanbHOE JBHKEHUE SIBIETCS CHHYCOUIAIbHBIM C
4aCTOTOU (. CO CMELICHUEM

@,(t)= A sinwt+ B, coswt, (29)
KOTOpPOE MOTy4aeTcs B pe3ylbraTe peueHus 1uddepeHnnanbHoro ypaBHeHHs

(Pi(t) + a)izgoi(t) =0,
BEITeKaromuM u3 (19).
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3anwuieM HavaIbHOE ycaoBHe s 3anauu (28) ¢ yuerom (29):
2.(0)= 20,004, = z,,, u(x,0) =20, (0,(x) = £,(x),
i=1 i=1
dz, < ou <
—E(0)= 3.0, (0)4, =2, —(0) =2 @, (0)V,(x) = f(x) wmn
dt i=1 at i=1
2004, =z, (30)
i=1
20.0V,(x) = /,(x). (31)
i=1
Z(D”- 04, =z, , Zq)li(o)l/i(x) = f,(x).
i=1 i=1
e A,
YmuO)HM cripaBa (30) Ha —— - ¥ IPOCYMMHPYEM I10 :
k
> NeA A ez A,
Z‘P;(O)z 3 k; o _ Z k knz i (32)
i=1 =l P =1 P
YmuOkMM (31) Ha V() 1 IPOMHTErPUPYEM I10 JUIMHE CTEPIKHS
© 1 0
YOV, (x)dx = [ (), (x)dlx . (33)
i=1 0 0

CnoxuB JeBbIe U TpaBble YacTH ypaBHeHu# (32) u (33), nomyuum

3 [ N e A, A
> 0,007,y (x)de + Y 05
i=1 0 =

[ Noez, A,
ZJ‘ﬁ(X)V,-(x)derZ&Z’V

0 k=1 Pk

BCJICI[CTBI/IC OpPTOTOHAJIbHBIX YCJ'IOBI/Iﬁ (23) CJI€Ba OCTAaHCTCA TOJBKO Clia-

raeMoe Inpu [ = j .
B nrore nomyuaem:

/ ez A
[ GV (dsr+ Y s
=1 P

(PI(O) =2 7 N k
J‘Viz (x)dx + z € Ak;Akz
0 k=1 Di
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Amnanornuno nis kooduiuentos @, (0) momyunm:

j £,V (x)dx + Z ekzl,m
0) = p
¢:(0)= IV (s zekAk,Ak,
P
W3 navansHbIx yenoBuit ¢,(0)=¢,, ¢,(0)=¢, 1 (29), noxyunm:
4 =%, B =9,.
B pesynbTare i
goi(t)—%sma)ﬂrgoocosa)t (34)

i

Ioncrasmuss (34) B (24), momyyaeM perieHue cucrems (1).

n___ 2
IMpumeuanmne. K(x)zZVk,-(x)Ak[ e Vk:(X)— Vkl(x a,),a
o’ p

k=1

Vi (Xx) — pelieHus KpaeBbIX 3ajau:

dx*
V( ak)=17(l a,()=0,
av v
E(_ak)—g(l a,()zO,
k=12,..,n

3aki04eHue
B nmannoil pabore ynanoch pa3pelluTh OCHOBHYIO MpOOJIEMY, ¢ KOTOPOH
npuiwiock cronkHyThest C. I'. BapryeBy B crathe [2]: myTeM BBEIEHHS THIIb-
OepToBa MPOCTPAaHCTBA C 3aJaHHONW CHUCTEMOH OPTOTOHAJBHBIX EIUHHUYHBIX

BCKTOPOB BBIPA3UTH IBHO HCU3BCCTHBIC KOB(l)(l)I/IL[I/ICHTBI Aj IIpHU pa3IOKCHUU B

psan @ypee cMmemeHuil TBEpABIX Tel. AHANOTMYHAS METOAWKA IPHMEHCHA B
pabore [3] B ciryyae OHOTO TBEPAOrO Tea.
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Abstract. This work considers the initial-boundary problem of vibrations of a me-
chanical system in the form of an elastic rod with an arbitrary number of elastically
longitudinally fixed solids. The solution of a hybrid system of differential equations
describing the motion of a mechanical system, including both ordinary differential
equations and partial derivatives, is understood in a generalized sense. The application
of the concept of a generalized solution is due to the presence in the equations of the
Dirac delta function, which must be taken into account at the points of connection to
the beam of bodies. A well-known substitution is made that reduces the hybrid system
of differential equations to a system of amplitude equations for solids and a rod. By
transforming these equations, an orthogonality-type condition is obtained. Solutions are
decomposed into Fourier series by constant amplitudes of solid bodies and eigenforms
of the rod with a variable coefficient depending on time. A methodology for determin-
ing these variable coefficients, which depend on the natural frequencies of the me-
chanical system and the vibration forms of the rod, the amplitudes of solids and the
initial displacements of solids and the rod, is presented. Hilbert space was introduced
with a given system of orthogonal unit vectors, which made it possible to express un-
known amplitudes of solids through the initial displacements of solids and the rod. The
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result of the work was solving the problem in the form of decompositions into Fourier
series in a closed form, which makes it possible to make numerical calculations if the
problem is solved for the natural frequencies and forms of oscillations of the consid-
ered mechanical system.

Keywords: beam, bending vibrations, elastically fixed bodies, natural frequencies,
natural forms, initial-edge problem, Hilbert space.
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